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Abstract

We use a relativistic argument to define an effective photon that travels through a transparent
(non-absorbing) nondispersive dielectric medium of index of refraction n. If p is the momentum of
the photon in a vacuum, then the momentum of an effective photon inside the medium may be of
the form p.g = pn® and still reproduce the observed transverse relativistic drift when the medium
is in motion. We employ an energy argument to determine the value of the exponent to be o = —1,

so that the effective photon momentum is peg = p/n, which is the Abraham momentum.



I. INTRODUCTION

The refraction of light as it passes from a vacuum into a transparent dielectric medium and
undergoes a speed change is well-established and is included in standard electromagnetism
texts.! On a microscopic level, it is understood that the propagation of a light ray through a
medium is actually a complicated process that involves multiple scatterings of the incident
electromagnetic wave by the atoms that comprise the bulk of the medium.? The refracted
and reflected rays are the result of the interference of these scattered waves. The net result
of this interference is that the refracted ray moves with a reduced speed of ¢/n inside a
medium with index of refraction n. The wave’s Poynting vector S is directed along the path
followed by the ray.

The situation is more complicated when the refracted ray is described from the point of
view of its constituent photons. First, we consider the case of a single photon that is incident
upon a transparent dielectric block at rest. The photon has a certain probability of being
transmitted or reflected from the block’s surface. We will restrict our analysis to the case
when the photon is transmitted into the block. Photons are massless particles and, as such,
must travel at the speed of light; hence the refracted ray, moving at ¢/n, cannot be composed
of massless photons. Instead, we will define an effective photon that follows the path of the
refracted ray, transports the ray’s momentum and energy, and moves with speed ¢/n. The
mass of the effective photon is denoted by m, which we take to be Lorentz-invariant. We

define the effective photon’s energy by the usual relativistic expression

FEor = %mc2 (1)
and the magnitude of its momentum by

Peff = YoM, (2)

where 7, is the Lorentz factor for the effective photon’s velocity,

S S (3)

As usual, these may be combined to yield
ngf - szfcz = m?c, (4)
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which expresses the invariant magnitude of the effective photon’s momentum-energy four

vector. Substituting v = ¢/n for the effective photon’s speed, Eq. (2) becomes

mce
eff — Yo 5
Peft = Yo (5)

and Eq. (1) shows that the effective photon’s momentum and energy are related by
Eog = npegc (6)

Substituting this into Eq. (4) shows that the mass of the effective photon is

m:% n? — 1. (7)

We assume that the momentum of the effective photon inside a dielectric medium at rest

is related to the momentum p of the incident momentum in vacuum by
Pet = n°p, (8)
where « is a real number. The energy of the effective photon is then, from Eq. (6),
Eog = n*pe. (9)

The value of o has not yet been determined. The two possibilities most often discussed are
a = 150 peg = np (the so-called Minkowski momentum) and o = —1 so peg = p/n (the

so-called Abraham momentum).?

II. THE TRANSVERSE RELATIVISTIC DRIFT

To investigate the implications of defining an effective photon in this way, we will utilize
the phenomenon of the “aether drift,” the change in the velocity of light in a moving medium
predicted by A. Fresnel! in 1818 and first detected experimentally by H. Fizeau® in 1851.
This effect is now understood to be entirely due to the relativistic transformation of the
velocity of light from its value in the rest frame of the medium. For this reason, we will refer
to this change in velocity as a “relativistic drift.”

Consider a rectangular block of transparent nondispersive dielectric material of thickness
T that is at rest relative to an inertial reference frame S’, which we call the “rest frame.”

We restrict ourselves to the special case where the top and bottom faces of the block are



parallel to the direction of motion and perpendicular to the ¢’ axis. The frame S’ moves in
the positive z-direction with velocity u relative to another inertial reference frame S, which
we call the “lab frame.” Thus an observer at rest in the lab frame will see the dielectric
block moving in the positive xz-direction with velocity u (see Fig. 1). We stipulate that the
block remains at rest in frame S’ when the photon enters because the block is sufficiently
massive or is otherwise constrained.

Gjurchinovski® used the relativistic velocity transformations to show that the angles of

incidence () and refraction (#2) of the ray in the moving block are related in the lab frame

S by
2,2
(nz—l)g—l—(l—nu)sinel

c c?

2 2’
o (1= Bona) — (sna, %)
c c
where v = 1/4/1 —u?/c?. (The “1” subscript denotes a value in the vacuum below the

dielectric block, and the “2” subscript denotes a value within the dielectric block.) If we set

tan fy = v (10)

u = 0, it becomes equivalent to the familiar Snell’s law, sin #; = n sin 6s.

The significance of Eq. (10) is seen for the case of a normally incident ray in the frame

ﬁ. (11)

1— ——
n2c?

S. Setting #; = 0 produces

tan fy = v

For non-zero wu, this means that, in the lab frame S for normal incidence (6; = 0), the
refracted ray deviates slightly in the positive z-direction. If u/c < 1, then to first order in

u/c for a block of thickness T, the ray experiences a transverse relativistic drift Az of

I\NT
Azx =T tanf, ~ (n — —) - (12)
n) c
This is Fresnel’s formula for his “aether drift.” A transverse relativistic drift has been

experimentally confirmed by Jones”® and Leach et al..'°

III. LORENTZ TRANSFORMATION OF THE WAVE FOUR-VECTOR

To understand better the nature of light in a moving dielectric, we study the same phe-

nomenon by performing a Lorentz transformation of the wave four-vector, (ky, ky, k., w/c).
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FIG. 1. The reference frames used in this paper. Relative to reference frame S (the lab frame),
the dielectric block and reference frame S’ both move in the positive z-direction with speed u.
The block remains at rest in frame S’ (the rest frame). The situation shown is for n = 1.5 and

u/c=0.2.

Specifically, as shown in Fig. 1, we will consider a ray of light that is incident on the moving
transparent nondispersive dielectric block at a certain angle of incidence #;. We will then
transform to a reference frame in which the block is at rest. In that reference frame, we use

Snell’s law,

sin 0] = nsin 6y, (13)

and well-established boundary conditions to describe wave four-vector after it enters the
block. Finally, we transform back to the reference frame in which the block is moving, and
calculate the refracted wave four-vector in the moving block as a function of the original

angle of incidence. The relevant Lorentz transformations are

K= (k: - i—;") (14)

W=y (w— uky) . (15)

We begin with a ray of light with wavenumber k; = 27/A; and angular frequency w; as
observed in the lab frame S. The ray is incident upon the bottom surface of the block,
making an angle 6; with the normal to the block’s surface. The z-component of the wave

vector is

klm = k‘l sin 91. (16)



We now use the Lorentz transformations to find the components of the incident wave vector

in frame S’. Employing the fact that in the vacuum

w Wy
A _ 17
ek (17)
we obtain
, UW1 . ukyc . U
klm =y (klm — 6—2) =7y (kl sin 91 — 2 ) = ’}/kl (Sln 91 - E) (18)
Wi =7 (w1 — ukiz) =y (ki — uky sinfy) = vkyc (1 - %sin 91) - (19)

Because the dielectric block is at rest in frame S’, the wavelength X, inside the block is

related to A} by A, = A} /n. Then the wave number £/ within the block at rest is

K = i—z - A?/Tn = nk,. (20)
Combining this with Snell’s law, Eq. (13), we have
Ky sin 6, = (nkj) (% sin 9'1) = ki sin0] (21)
or
/ / : u
ky, = ki, = vk1 (sm 01 — E) : (22)

Because the angular frequency does not change upon entering the block in the rest frame
S’, we have
u
wy = W) = vkic (1 — —sin 91) ) (23)
c

Thus

/

/ wl _ _ E :
ky — = vk (1 _ sin 91) . (24)

The y'-component of the wave vector within the block in frame S’ is obtained from

Ky, = /K2 — k2 = \/(nk:g)z - [wﬁ (sin91 - %)r (25)

k:éy = vk \/n2 (1 —Y%sn 91)2 — (sin 0, — E)2. (26)

C C

Therefore

Finally, we use the inverse transformations,
UwWh
kow =7 (k:;m + 622) (27)

kay = ky, (28)
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to obtain the components of the wave four-vector inside the moving block as measured from

the lab frame S. We are really interested in tan 65,

uwy
ke Mt @
tanfy = — = y———— (29)
k2y 2y
Thus u u u
(sin91 — —) + — (1 - — sin@l)
tanfy = 7y ¢ ¢ ¢ (30)
U 2 u\ 2
\/n2 (1 — —sin 91) — (sin 0, — —)
c c
so that
in 6
tanfy = s : (31)

e (1= Lsna) — (sno %)’
c c

We thus find that the directions of the light ray (Eq. 10) and the wave vector (Eq. 31) in
the moving block are not the same. In particular, for normal incidence (6; = 0) in the lab
frame S, Eq. (31) shows that tanfy = 0, so 2 = 0. That is, while the ray’s velocity vector
shows a transverse relativistic drift (Eq. 11), the wave vector does not display a transverse
relativistic drift. The ray’s velocity vector is in the same direction as its Poynting vector S ,
so we must conclude that the directions of S and & diverge in the moving block.

This divergence of the directions of S and k is caused by the directional-dependence of
the ray’s velocity inside the moving block. For the block at rest in frame S’, the components

of the ray’s velocity within the dielectric block are

v, = %sin 0, (32)

and
Vg, = %cos 0,. (33)

The velocity transformation equations provide the components of the ray’s velocity inside

the moving block:

c .
vh +u Es1n92+u
Vog = 'lL'Ué = 14+ [V 9/7 (34)
1+ 7 on S1N U
and c
— cos 0}
vy = m (3)
uvl,, LT AN
7(14_ 022 ) 7(1—|—Cns1n92)
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Obviously, the magnitude of the velocity of the ray in the moving block is not constant, but

varies with direction.

IV. HUYGENS CONSTRUCTIONS

The implications of Egs. (34) and (35) may be found by comparing the results of two
Huygens constructions, one for a ray normally incident on a block at rest, and the other for
a ray normally incident on a moving block.

First we consider a Huygens construction in the rest frame S’ of the block. A wavefront
is produced by a ray entering the block at normal incidence, 8] = 0. If the source of the
expanding wavefront is placed at the origin of frame S’ at time ¢’ = 0, the equation of the
wavefront at a later time ¢’ is

2?4 y? = (5)2 t". (36)

n

An identical wavefront may be drawn with its source displaced in the positive z’-direction.
A horizontal line drawn tangent to the wavefronts is a line of constant phase. As time passes,
this line moves vertically upward, in the y/-direction. The wave vector k is perpendicular
to this line. The Poynting vector, S , drawn from the source to the point of tangency, is
clearly parallel to the wave vector, k. For the block at rest, S" and k' are both in the same
direction, along the positive y'-axis.

Now consider a Huygens construction in the lab frame S, in which the block is moving.
A wavefront is produced by a ray entering the block at normal incidence, #; = 0. Assuming,
as usual, that the origins of the frames S and S’ coincide at t = t' = 0, the standard Lorentz
transformations show that the coordinates of this wavefront in the moving block in lab frame

S must satisfy
2

(z — ut)® + 3> (1—2;—2) :%<ct—%)2. (37)
For a given value of ¢, the coordinates (x, y) are the same as those obtained by using © = vg,t
and y = vy, t, where vy, and vy, are given by Eqgs. (34) and (35), respectively. An identical
wavefront may be drawn with its source displaced in the positive z-direction. Figure 2 shows
two of these wavefronts. The horizontal line is tangent to the wavefronts, and so is a line
of constant phase. As time passes, this line moves vertically upward, in the y-direction.

The wave vector k is perpendicular to this line, in the y-direction, and so does not show

a transverse relativistic drift. However the Poynting vector S , drawn from the source to



the point of tangency, deviates in the positive x-direction. The angle of deviation from
the y-direction of the line connecting the source and tangent point is given by Eq. (10),°
and so shows a transverse relativistic drift. This deviation of &k and § is routinely found
in anisotropic crystals; see, for example, Refs. 10 and 11. The conclusion is that the wave
vector k in the moving block shows how the wavefronts move and does not show a transverse
relativistic drift, while the Poynting vector S in the moving block shows how the momentum

and move and does show a transverse relativistic drift.

3 b
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FIG. 2. Two wavefronts spread out from two sources of light entering the bottom of the block
at normal incidence, as seen in the lab frame S. The horizontal line, the wavefront, is a line of
constant phase that moves vertically through the block, in the direction of the wave vector k. The
Poynting vector S is directed from each source to the point of tangency. The situation shown is

for n=1.5,u/c=0.2,and t = 107% s.

V. THE LORENTZ TRANSFORMATION OF THE MOMENTUM-ENERGY FOUR-
VECTOR

We now consider the momentum of a photon in a transparent nondispersive dielectric
medium. When a photon arrives at the block’s surface, it is either completely reflected or
completely transmitted into the block. We need consider only the transmitted photons. In

the vacuum in either frame, E = pc, so

Ei=pic and E] =plc. (38)



The momentum and energy of the refracted effective photon are given by Eqs. (8) and

, which in the present notation are
(9), which in the present notati
P = np} (39)
and
Ey=ntplc=n"TE. (40)

The Lorentz transformations for the momentum-energy four-vector are

Py =" (pm - %) (41)

C

E'=~(E - up,). (42)

We begin with a photon with momentum p; and energy F; as observed in lab frame
S. The ray is incident upon the bottom surface of the block, making an angle 6; with the

normal to the block’s surface. The xz-component of the incident momentum is
D1z = p1Sin ;. (43)

We now use the Lorentz transformations to find the components of the incident photon

momentum in frame S’. Employing Eq. (38), we obtain

ukl i upic . u
pllm = (plm — 71) =7y <p1 s1n91 — 20921 ) =7DP1 <Sln91 - E) (44)

. u .
E; =~ (Ey —upi,) = v (pic — upy sinby) = ypic <1 - sin 91) ) (45)

Next, using Snell’s law, Eq. (13) and Eq. (39) for the effective momentum in the block

frame S’, we have

pysinfy, = (n®p}) (% sin 9'1) = n® 'p) sin 6], (46)
or
Phe = 1P, =0Ty <Sin 01— %) : (47)
From Eq. (40) we have
By =n*"E] =n“ypic <1 — %sin 91) . (48)
Thus
Py = E% =P (1 - %sin 91) : (49)
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The y'-component of the photon’s momentum inside the block in the rest frame S’ is then

. u\12
Pay = — P = \/ (nep})” — na‘lwl (sm91— ;)} : (50)
Thus
/ 200n 272 . 2 20—2~2,2 [ u\?
Phy = [ n2y?p? (1 - = s1n91) — p20—2my29)2 (sm91 — —) (51)
Is C
so that
2 1 2
pl2y = na7p1\/<1 — %sin 91) 2 (sin 01 — %) . (52)

Finally, we use the inverse Lorentz transformations,

uwk!
Pra =7 (p’zm + 622) (53)

P2y = Pay (54)

to obtain the components of the momentum-energy four-vector inside the moving block as
measured from the lab frame S. As before, we are really interested in tan 6o,
o uky
p2{E p2{E _I_ 02

tan y = =y —F. (55)
P2y p2y

Therefore
no1 (sin 0, — E) + pett (1 _Ysin 91)
c

tan @y = - - 1C £ — (56)
na\/<1 - — sin@l) - = (sin91 — —)
c n c
A few lines of algebra produces the final result,
2,2
(nz—l)g—l— (1—713 )sin91
tan 6 = < c (57)

! \/n2 (1 - Esir191)2 - (sin91 - E)z‘
c c

This is identical to Eq. (10). It shows that regardless of the value of «, the effective photon
follows the trajectory of the ray and yields the transverse relativistic drift that is experimen-
tally observed. This might have been expected; it is ultimately a result of the relativistic
self-consistency of our definition of the effective photon. We therefore must turn to another

argument to determine the value of «.
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VI. PHOTON ENERGY CONSERVATION AND THE ABRAHAM MOMENTUM

Let’s return to considering the dielectric block at rest. When a ray of identical monochro-
matic photons is incident upon the surface of the block, the photons are either transmitted
or reflected. For our non-dispersive medium, the energy of the photons is conserved; the
incident energy is equal to the sum of the transmitted and reflected energies. The energy of
the reflected photons is certainly conserved because neither the number of photons nor their
frequency changes upon reflection. Because none of the photons from the incident ray are
absorbed, the energy of the transmitted photons must also be conserved. Therefore, since
the energy of the photon is conserved when it enters the block at rest, Eq. (9) requires that
a = —1. We must conclude that, to conserve energy, the effective photon must have the
Abraham momentum, p.g = p/n.

The reader may be concerned that we may have, in our definition of an effective photon,
predetermined that its momentum must be the Abraham momentum. Might an alternative
definition result in the effective photon having the Minkowski momentum, p.g = np (o = 1)7

We will now show that such an alternative definition of an effective photon is unphys-
ical. Specifically, we will assume that the Minkowski effective photon has the Minkowski

momentum, so
Py = npy, (58)

and that the energy of the photon does not change as it enters the block at rest,
E, = FE; = plc. (59)

Note that we do not require that the Minkowski effective photon move with speed ¢/n. In
this case, we can solve for the speed of the Minkowski effective photon in the block at rest

using Eqgs. (1) and (2),

/
phe v
EL; == (60)
Substituting for pj, and E} shows that
v npjc
E = pllc = (61)
1

The Minkowski effective photon must be superluminal, which is unphysical. The mass of

the Minkowski effective photon comes from Eq. (4),
EP? — pic? = m2ch. (62)
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This quickly yields

/
m=PLy1 = p2, (63)

c
which is imaginary, and so is also unphysical. Nevertheless, if we insist on using this new
formulation for the Minkowski effective photon, another problem arises. Upon examining
the form of the momentum four-vector, (ps, py,p., E/c), and comparing it to the wave four-
vector, (ky, ky, ks, w/c), we realize that the momentum and wave four-vectors transform in
the same way under a Lorentz transformation. In the rest frame S’ we have p, = np} and
khy = nki; B} = E} and &} = wj; and in the vacuum in both frames F; = p;c and w; = kyc.
Indeed, we will arrive at Eq. (31) for tanfs, which does not show a relativistic drift for
normal incidence (6; = 0). Therefore we must conclude that the proposed definition of a
Minkowski effective photon is not consistent with the experimentally observed relativistic
drift. This eliminates the alternative definition of the Minkowski effective photon. Such an
effective photon would be superluminal, have an imaginary effective mass, and not reproduce
the observed transverse relativistic drift. This reinforces our conclusion that the effective
photon must have the Abraham momentum, peg = p/n.

Finally, we note in passing that our result disagrees with that of Wang!?, who uses a
relativistic argument to conclude that the Abraham momentum and energy (o = —1) do
not constitute a Lorentz four-vector in a dielectric medium. However, Wang’s analysis
incorrectly assumes that the momentum p and the wave-vector k are in the same direction

in a moving block. We have shown in Section II that Wang’s assumption is invalid.

VII. CONCLUSIONS

We have used relativistic arguments to define an effective photon in a transparent nondis-
persive dielectric medium at rest that follows the path of the refracted ray, transports the
ray’s momentum and energy, and moves with speed ¢/n. The effective photon has a mo-
mentum given by Eq. (8) and an energy given by Eq. (9). Using a Lorentz transformation
of the wave four-vector, we have demonstrated that the Poynting vector S and wave vector
k diverge and are not in the same direction in a moving dielectric medium.

For an effective photon with its momentum in a dielectric medium given by Eq. (8), we
calculated the transverse relativistic drift and showed that the transversedrift is independent

of the value of a. However, imposing the constraint of conservation of energy, we have shown
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that, in a dielectric medium, a = —1 and that the effective photon carries momentum

Pet = p/n (the Abraham momentum). Furthermore, we have shown that adopting the

Minkowski momentum for an alternative definition of an effective photon leads to results

which are unphysical and do not display the experimentally observed transverse relativistic

drift.
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