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The Square Light Clock and Special

Relativity

J. Ronald Galli and Farhang Amiri, Weber State University, Ogden, UT

thought experiment that includes a square light clock
Ais similar to the traditional vertical light beam and

mirror clock, except it is made up of four mirrors
placed at a 45° angle at each corner of a square of length L,
shown in Fig. 1. Here we have shown the events as measured in
the rest frame of the square light clock. By studying the same
cycle of events measured in a frame of reference where the
square light clock is in motion with speed of v, we can derive
both time dilation and, independently, length contraction.
This will be done by analyzing the changing dimensions and
also the one-cycle timing for this square light clock.

The analysis is based on the two principles of Einstein for

special relativity,! which may be stated as follows:

1. The physical laws are the same in all uniformly moving
reference frames, independent of the relative motion of
any particular frame.

2. The velocity of light in empty space is independent of the
motion of the source or the motion of the observer.

In Fig. 1, in which the clock is at rest (the rest frame), the
light beam is shown starting at position P;, then reflecting
from a mirror at P,, then subsequently at P3, then P4, and fi-
nally returning to P;. Figure 2(a) shows the same sequence of
events in the frame of reference where the square light clock is
set to a horizontal motion with speed v to the right. We shall
call this frame the lab frame. Since the motion of the clock
takes place in the horizontal direction, the vertical length L,
remains unchanged in the lab frame. The invariance of trans-
verse dimensions is discussed by other authors, for example,
Refs. 2 and 3.

The important parameters are listed as follows:

a. Lyisthelength of each side of the clock in the rest
frame.

b. Lis the length of the longitudinal side of the moving
clockin the lab frame.

c. Tyisthe total round trip time of light for the clock in
the rest frame.

d. Tis the total round trip time of light for the clock in the
lab frame.

T is the time from P, to P5 in the lab frame.
T, is the time from P4 to P; in the lab frame.

g. Ty is the total vertical travel time of light in the lab
frame (P; to P, plus P to P,).

h. Ty is the total horizontal travel time of light in the lab
frame (T} + T5).
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Fig. 1. Square light clock at rest showing beam as it
starts at P4, then reflects at P,, P3, P4 and returns
to P1.

Therefore, based on the above definitions, we have Tyy = T}
+ T,. Further, the horizontal distance traveled by the clock as
the beam of light travels from P; to P, is the same as when the
beam travels from P3 to P4 [see Fig. 2(a)]. Therefore, from Fig.
2(a), it can be observed that T} 5 , = T3 5 4 = Ty /2. Also note,
as described below, that Ty, = Ty , and consequently, Ty = T
+ T2 .

The assertion that Ty = Ty follows from the first principle
of relativity that all clocks (digital, mechanical, optical, etc.)
that have a common period in the rest frame must have a
common period when viewed from the lab frame in which
they are moving with a uniform velocity. Let us visualize two
identical clocks at rest. Each clock consists of a source of light
with a reflecting mirror at a given distance that returns the
light to the source. One clock is oriented vertically as in the
traditional derivation of the time dilation equation®3 and the
other is oriented horizontally. For each clock, a light beam will
be emitted and returned to its respective source in a common
time interval. In a similar way, when these two clocks are ob-
served from the lab frame in which they move uniformly
together, the “round trip” time intervals will again be com-
mon, but different from that measured in their rest frame.

Next we compare the two-clock setup discussed above
with the time measurements in the square light clock of Fig.
2(a), assuming the same speed for the lab frame. The period
(i.e., the round trip time) of the clock placed horizontally, as
measured in the lab frame, is equivalent to the time from P,
to P3, plus from P, to Py (although that happens later) in the
square light clock. Similarly, the period (i.e., the round trip
time) of the clock placed vertically, as measured in the lab
frame, is equivalent to the time from P; to P,, plus P5 to P
(which also happens later) in the square light clock. Therefore,
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Fig. 2. (a) Square light clock of Fig. 1, but moving with speed v, shown with five sequen- Fig. 2. (b) First quarter-cycle of moving clock.
tial positions as the beam starts at P4, reflects from each corner and returns to P,.
Here the scale is v /c = 0.75.

2
in the square light clock, the total vertical time Ty and the total TT, = L_g (7)
horizontal time Ty would again be common and consequently ¢
Ty=Ty. Solving Eq. (1) and Eq. (2) for Ty and T) gives
Length contraction =t andr, =L
Consider the clock moving uniformly with speed v. As the c—v c+v
light beam travels from P, to P3, the geometry from Fig. 2(a) Now Eq. (7) may be written in terms of L and L as
yields I I %
= ®)
L=cT;-vT;. (1) c—vjlcet+v) ¢
This finally reduces to
Similarly, as light travels from P4 to Ps, the corresponding >
geometry yields L=1L,1— v_2 9)
c
L=cTy+vT,. (2) This is the length contraction equation, which has been

derived without explicit use of the time dilation equation.
Combining Eq. (1) and Eq. (2) yields . o
Time dilation

W(T1+Ty) =c(T1 - T,). (3) Consider, again, the Fig. 2(b) triangle with L, = % We
get
And then using Ty, = T} + T, , we find czT\z, - va\f CZTO2
4 4 42"
vIy=c(T; - Ty). (4) which simplifies to
22
Now consider the path Py to P, or equivalently P5 to P,. ATy =vTv+ <1y . (10)
From the highlighted triangle of Fig. 2(a) as shown in Fig. 4 T
2(b), we get Then note again Ty = Ty so that T, =— and therefore Eq.
(10) may be written as 2
CZ(TV/2)2=V2(TV/2)2+L02, 2[T]2 2[T]2 2[%]2
or cl—| =vi|=| +c|=—| . (11)
AT =v*T, +4Lg. (5) 2
This can be rearranged to
Nolting again that T, = T} + T, and using Eq. (4), we may 7 —ﬁTz _7 (12)
write Eq. (5) as 2 0
which finally leads to
ATy +Ty)? =2 (T) - T, )2 +4L; . (6) T,
=T (13)
This may be reduced to l——
c
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This is the time dilation equation, which was derived inde-
pendent of the length contraction equation.

Discussion and conclusions

In this paper, we have demonstrated that both time dilation
T =T,/~N1—v*/c* and length contraction L = L /~1—v*/¢?
can be derived independent from each other by employing

a conceptually simple process. The traditional “vertical light
clock” and “horizontally moving train” are combined into a
single device where the horizontal length of the square light
clock is measured independent of time dilation. It corrobo-
rates that length contraction does not depend explicitly on
time dilation and vice versa, but only on the fundamental
principles of the special theory of relativity.

The results, derived for a moving light clock, would apply
to all time processes (clocks—electronic, mechanical, etc.)
and all objects that are moving with the same uniform speed
as the square light clock. This is due to the basic principle of
special relativity, that within any given frame, all clocks that
have a common period at rest will have a common period
when observed in a uniformly moving frame. Also, all
uniformly moving objects will maintain the same relative
dimensions as if at rest. Thus, these results are general in
their applicability to all clocks and all objects.

One interesting consequence of the square light clock ge-
ometry is the change of orientation of each of the mirrors. The
length contraction causes the mirrors to assume a direction
that makes their angle to be more than 45°. This change of ori-
entation, plus the effects of the motion of the clock, causes the

angle of incidence and the angle of reflection to not be equal
as light is incident and reflected from each mirror.*>
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High School Physics Teaching Experience

We divided our high school physics teaching
experience into three groups: first year teaching
physics, second or third year teaching physics,
and four or more years of experience teaching
physics. We did this because everything is new
for teachers teaching a course for the first time.
The second and third time through the course,
teachers learn from past experiences and hone
their approaches. By the time a teacher is in the
fourth year of teaching a course, he or she is
more comfortable with the material and better
able to understand the ways in which different
approaches work with different topics.

B 4 years + teaching physics

B 2nd or 3rd year teaching
physics

1st year teaching physics;
prior HS teaching
experience

1st year teaching physics;
no prior HS teaching
experience

As shown in the figure, almost three-fourths

(72%) of high school physics teachers have taught the course for four years or more, and about one high school physics
teacher in six (16%) have taught physics for two or three years. Over half (~58%) of the “new” physics teachers—those
teaching physics for the first time—have high school teaching experience in other subjects.

In the May issue, we will look at overall high school teaching experience among high school physics teachers. If you
have any questions or comments, please contact Susan White at swhite@aip.org. Susan is Research Manager in the
Statistical Research Center at the American Institute of Physics and directs the high school survey.
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